A note on quasi generalized CR-lightlike geometry in indefinite nearly
  $\mu$-Sasakian manifold by Massamba, Fortuné & Ssekajja, Samuel
ar
X
iv
:1
60
7.
03
43
7v
1 
 [m
ath
.D
G]
  7
 Ju
l 2
01
6
A NOTE ON QUASI GENERALIZED CR-LIGHTLIKE
GEOMETRY IN INDEFINITE NEARLY µ-SASAKIAN
MANIFOLD
FORTUN ´E MASSAMBA*, SAMUEL SSEKAJJA**
ABSTRACT. The concept of quasi generalized CR-lightlike was first in-
troduced by the authors in [18]. In this paper, we focus on ascreen
and co-screen quasi generalized CR-lightlike submanifolds of indefinite
nearly µ-Sasakian manifold. We prove an existence theorem for minimal
ascreen quasi generalized CR-lightlike submanifolds admitting a metric
connection. Classification theorems on nearly parallel and auto-parallel
distributions on a co-screen quasi generalized CR-lightlike submanifold
are also given. Several examples are also constructed, where necessary,
to illustrate the main ideas.
1. INTRODUCTION
Lightlike geometry is widely applied in mathematical physics, particu-
larly in general relativity and electromagnetism (see [5, 8] and references
therein). The theory of lightlike submanifolds was introduced, in 1996, by
Bejancu-Duggal [5] and later adopted by many researchers, for instance
[6], [8], [9], [10], [15], [16] and [17]. In [9], Duggal-Sahin studied gen-
eralized CR (GCR) lightlike submanifolds of an indefinite Sasakian man-
ifold. In their paper, the structure vector field, ξ, of the almost contact
structure (φ, ξ, η) was assumed to be tangent to the GCR-lightlike subman-
ifold. Moreover, when ξ is tangent to the submanifold in Sasakian case,
Calin [4] proved that it belongs to the screen distribution. This assump-
tion is widely accepted and it has been applied in many papers on contact
lightlike geometry (see [7], [8], [9], [15] and other references therein).
One of the motivations for choosing ξ to be tangent to the CR-submanifold,
by many authors, is the book [20, p. 48] by Yano-Kon, in which they
showed that any Riemannian submanifold of Sasakian manifold which is
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normal to the structure vector field, ξ, is actually anti-invariant. More pre-
cisely, if Aξ (with ξ in the normal bundle) and g denotes the shape opera-
tor and the induced metric tensor, respectively, of a Riemannian submani-
fold of a Sasakian manifold, then one can easily verify that g(AξX, Y ) =
g(φX, Y ), for any tangent vector fields X and Y . Since Aξ is symmetric
while φ is anti-symmetric with respect to g, then one getsAξ = 0 and conse-
quently φX is a normal vector field for any tangent vector X . This indicates
that the tangent bundle of such submanifold is carried into its normal bundle
under the action of φ.
On contrary, the normal bundle of a lightlike submanifold intersect its
tangent bundle and, also, its shape operators are generally not symmet-
ric with respect to the induced metric tensor and thus one may, if needed,
consider some special non-tangential almost contact CR-lightlike subman-
ifolds.
Restricting ξ to the screen distribution comes with immediate benefits,
including simplicity and maintenance of the classical contact CR-structures
as introduced in Riemannian CR-submanifolds. However, one drawback
with this choice is the narrowing of research to only such CR-submanifolds
and leaving out other special cases which one gets if ξ is kept general. In
a different view, we introduced a new class of CR-lightlike submanifold of
a nearly Sasakian and nearly cosymplectic manifold, known as quasi gen-
eralised CR (QGCR) lightlike submanifold (see [18] for details) in which
ξ was not necessarily tangent to the submanifold. We proved that any
QGCR-lightlike submanifold tangent to the structure vector field is, in fact,
a GCR-lightlike submanifold [9]. It is important to note that generalizing
ξ gives a submanifold (for instance, QGCR-lightlike submanifold) which
is lower in dimension to a comparable GCR-lightlike submanifold. For
instance, one requires a 7-dimensional submanifold of an 11-dimensional
almost contact ambient manifold in order to achieve a 3-lightlike proper
ascreen QGCR-lightlike submanifold (see [18] for other details), while a
3-lightlike proper GCR submanifold is 9-dimensional and comes from a
13-dimensional almost contact ambient manifold (see [9]). Further still,
under similar conditions, a 13-dimensional almost contact ambient mani-
fold gives an 8-dimensional 3-lightlike co-screen QGCR submanifold and
a 9-dimensional 3-lightlike GCR submanifold (see Example 5.2).
The aim of this paper is to study minimal ascreen and co-screen QGCR-
lightlike submanifolds of indefinite nearly µ-Sasakian manifold. We prove
an existence theorem for irrotational minimal ascreen QGCR-lightlike sub-
manifold, admitting a metric connection and also discuss the geometry of
distributions on co-screen QGCR-lightlike submanifold. Also, several ex-
amples have been constructed to illustrate the ideas.
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The paper is organized as follows. In Section 2, we present the basic no-
tions of nearly µ-Sasakian manifolds and lightlike submanifolds which we
refer to in the remaining sections. For extended details on nearly Sasakian
and nearly µ-Sasakian manifolds refer to [1], [2], [3], [11] and [14]. In
Section 3, we review the basic notions of QGCR-lightlike submanifolds.
In Section 4, we study minimal QGCR-lightlike submanifolds. Finally, in
section 5 we introduce co-screen QGCR-lightlike submanifolds and study
the geometry of its distributions.
2. PRELIMINARIES
Let M 2n+1 be an odd dimensional manifold equipped with an almost
contact structure (φ, ξ, η), i.e., φ is a tensor field of type (1, 1), ξ is a vector
field, and η is a 1-form satisfying
φ
2
= −I + η ⊗ ξ, η(ξ) = 1, η ◦ φ = 0 and φ(ξ) = 0. (2.1)
Then (φ, ξ, η, g) is called an indefinite almost contact metric structure onM
if (φ, ξ, η) is an almost contact structure on M and g is a semi-Riemannian
metric on M such that [3], for any vector fields X, Y on M ,
g(φX, φY ) = g(X, Y )− η(X) η(Y ), and η(X) = g(ξ,X). (2.2)
Let ∇ denote the Levi-Civita connection on M for the semi-Riemannian
metric g. Then, M is called an indefinite nearly µ-Sasakian manifold if it
satisfies
(∇Xφ)Y + (∇Y φ)X = µ{2g(X, Y )ξ − η(Y )X − η(X)Y }, (2.3)
for any vector fields X, Y on M . Notice that when µ = 0 (resp. µ = 1)
then M reduces to the known nearly cosymplectic (resp. nearly Sasakian)
manifold.
Through out this paper, Γ(Ξ) will denote the set of smooth sections of
the vector bundle Ξ.
By letting Y = ξ in (2.3) we obtain
∇Xξ + φ(∇ξφ)X = −µφX, (2.4)
for any X ∈ Γ(TM). Let H be a (1,1)-tensor on M taking
H X = φ(∇ξφ)X,
for any X ∈ Γ(TM), such that (2.4) reduces to ∇Xξ = −µφX −HX.
By a straightforward calculation, one can show that the linear operator H
satisfies the following properties
H φ+ φH = 0, Hξ = 0, η ◦H = 0,
and g(HX, Y ) = −g(X,H Y ) (H is skew-symmetric). (2.5)
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Moreover, M is µ-Sasakian if and only if H vanishes identically on M (see
[3]).
Let (Mm+n, be semi-Riemannian manifold of constant index ν, 1 ≤ ν ≤
m + n and M be a submanifold of Mm of codimension n, both m,n ≥ 1.
For any point p ∈ M , the orthogonal complement TpM⊥ of the tangent
space TpM is given by
TpM
⊥ = {X ∈ TpM : g(X, Y ) = 0, ∀Y ∈ TpM}.
Let RadTpM = RadTpM⊥ = TpM ∩ TpM⊥. The submanifold M of M
is said to be r-lightlike submanifold (one supposes that the index of M is
q ≥ r), if the mapping RadTM : p ∈ M −→ RadTpM defines a smooth
distribution on M of rank r > 0. We call RadTM the radical distribution
on M . In the sequel, an r-lightlike submanifold will simply be called a
lightlike submanifold and g is lightlike metric, unless we need to specify r.
Let S(TM) be a screen distribution which is a semi-Riemannian com-
plementary distribution of RadTM in TM , that is,
TM = RadTM ⊥ S(TM). (2.6)
Let us consider a screen transversal bundleS(TM⊥), which is semi-Riemannian
and complementary to RadTM in TM⊥. Since, for any local basis {Ei} of
RadTM , there exists a local null frame {Ni} of sections with values in the
orthogonal complement of S(TM⊥) in S(TM)⊥ such that g(Ei, Nj) = δij
and g(Ni, Nj) = 0. It follows that there exists a lightlike transversal vector
bundle ltr(TM) locally spanned by {Ni} [5].
Let tr(TM) be complementary (but not orthogonal) vector bundle to TM
in TM . Then,
tr(TM) = ltr(TM) ⊥ S(TM⊥), (2.7)
TM = S(TM) ⊥ S(TM⊥) ⊥ {RadTM ⊕ ltr(TM)}. (2.8)
Note that the distribution S(TM) is not unique, and is canonically isomor-
phic to the factor vector bundle TM/RadTM given by Kupeli [13].
The following classification of a lightlike submanifold M of M are well-
known [5]: i). M is r-null if 1 ≤ r < min{m,n}; ii). M is co-isotropic if
1 ≤ r = n < m, S(TM⊥) = {0}; iii). M is isotropic if 1 ≤ r = m < n,
S(TM) = {0}; iv). M is totally lightlike if r = n = m, S(TM) =
S(TM⊥) = {0}.
Consider a local quasi-orthonormal fields of frames of M along M as
{E1, · · · , Er, N1, · · · , Nr, Xr+1, · · · , Xm,W1+r, · · · ,Wn},
where {Xr+1, · · · , Xm} and {W1+r, . . . ,Wn} are respectively orthogonal
bases of Γ(S(TM)|U) and Γ(S(TM⊥)|U) and that ǫl = g(Xl, Xl) and ǫα =
g(Wα,Wα) be the signatures of Xl and Wα respectively.
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Let P be the projection morphism of TM on to S(TM). the following
Gauss-Weingartein equations of an r-lightlike submanifold M and S(TM)
are well-known [8];
∇XY = ∇XY +
r∑
i=1
hli(X, Y )Ni +
n∑
α=r+1
hsα(X, Y )Wα, (2.9)
∇XNi = −ANiX +
r∑
j=1
τij(X)Nj +
n∑
α=r+1
ρiα(X)Wα, (2.10)
∇XWα = −AWαX +
r∑
i=1
ϕαi(X)Ni +
n∑
β=r+1
σαβ(X)Wβ, (2.11)
∇XPY = ∇∗XPY +
r∑
i=1
h∗i (X,PY )Ei, (2.12)
∇XEi = −A∗EiX −
r∑
j=1
τji(X)Ej , ∀ X, Y ∈ Γ(TM), (2.13)
where ∇ and ∇∗ are the induced connections on TM and S(TM) respec-
tively. Further, hli and hsα are symmetric bilinear forms known as local
lightlike and screen fundamental forms of TM respectively. Also h∗i are
the second fundamental forms of S(TM). ANi , A∗Ei and AWα are linear
operators on TM while τij , ρiα, ϕαi and σαβ are 1-forms on TM .
Notice from (2.9) that the second fundamental form h of M is given by
h(X, Y ) =
r∑
i=1
hli(X, Y )Ni +
n∑
α=r+1
hsα(X, Y )Wα, (2.14)
for any X, Y ∈ Γ(TM). It is easy to see that ∇∗ is a metric connection on
S(TM), while ∇ is generally not a metric connection and satisfies:
(∇Xg)(Y, Z) =
r∑
i=1
{hli(X, Y )λi(Z) + hli(X,Z)λi(Y )}, (2.15)
for any X, Y ∈ Γ(TM) and λi are 1-forms given by λi(·) = g(·, Ni).
The above three local second fundamental forms are related to their shape
operators by the following equations.
g(A∗EiX, Y ) = h
l
i(X, Y ) +
r∑
j=1
hlj(X,Ei)λj(Y ), g(A
∗
Ei
X,Nj) = 0,
g(AWαX, Y ) = ǫαh
s
α(X, Y ) +
r∑
i=1
ϕαi(X)λi(Y ),
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g(AWαX,Ni) = ǫαρiα(X),
g(ANiX, Y ) = h
∗
i (X,PY ), λj(ANiX) + λi(ANjX) = 0,
for any X, Y ∈ Γ(TM).
3. QUASI GENERALIZED CR-LIGHTLIKE SUBMANIFOLDS
The structure vector field ξ is globally defined on TM . Therefore, one
can define it according to decomposition (2.7) as follows;
ξ = ξS +
r∑
i=1
aiEi +
r∑
i=1
biNi +
n∑
α=r+1
cαWα, (3.1)
where ξS is a smooth vector field of S(TM) while ai = η(Ni), bi = η(Ei)
and cα = ǫαη(Wα) all smooth functions on M .
Now, we adopt the definition of quasi generalized CR (QGCR)-lightlike
submanifolds given in [18] for indefinite nearly µ-Sasakian manifolds.
Definition 3.1. Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of
an indefinite nearly µ-Sasakian manifold (M, g). We say that M is quasi
generalized CR (QGCR)-lightlike submanifold of M if the following con-
ditions are satisfied:
(i) there exist two distributions D1 and D2 of Rad TM such that
RadTM = D1 ⊕D2, φD1 = D1, φD2 ⊂ S(TM), (3.2)
(ii) there exist vector bundles D0 and D over S(TM) such that
S(TM) = {φD2 ⊕D} ⊥ D0, (3.3)
with φD0 ⊆ D0, D = φS ⊕ φL, (3.4)
where D0 is a non-degenerate distribution on M , L and S are respectively
vector subbundles of ltr(TM) and S(TM⊥).
If D1 6= {0}, D0 6= {0}, D2 6= {0} and S 6= {0}, then M is called
a proper QGCR-lightlike submanifold. Through out this paper we shall
suppose that M is a proper QGCR-lightlike submanifold.
Proposition 3.2. A QGCR-lightlike submanifold M of an indefinite nearly
µ-Sasakian manifold M tangent to the structure vector field ξ is a GCR-
lightlike submanifold.
Proof. The proof uses similar arguments as in [18]. 
With reference to (2.6), TM can be rewritten as
TM = D ⊕ D̂, with D = D0 ⊥ D1 and D̂ = {D2 ⊥ φD2} ⊕D.
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Notice that D is invariant with respect to φ while D̂ is not generally anti-
invariant with respect to φ as it is the case with the classical GCR-lightlike
submanifolds [9].
Let (M, g, S(TM), S(TM⊥)) be a QGCR-lightlike submanifold of M ,
then from Definition 3.1:
(1) condition (i) implies that dim(RadTM) = s ≥ 3,
(2) condition (ii) implies that dim(D) ≥ 4l ≥ 4 and dim(D2) =
dim(L).
4. MINIMAL ASCREEN QGCR-LIGHTLIKE SUBMANIFOLDS
Consider a quasi-orthonormal frame a long TM given by
{E1, · · · , Er, X1, · · · , Xm,W1, · · · ,Wn, N1, · · · , Nr}, (4.1)
such that {E1, · · · , Eq, X1, · · · , Xm} ∈ TM . Let us suppose that {E1, · · · , E2p},
{E2p+1, · · · , Er} and {X1, · · · , X2l} are respectively the bases of D1, D2
and D0. Further, let {Wr+1, · · · ,Wk} and {N2p+1, · · · , Nr}, respectively
be the bases of S and L.
Definition 4.1 ([12]). A lightlike submanifold M of a semi-Riemannian
manifold M is said to be ascreen if the structure vector field, ξ, belongs to
RadTM ⊕ ltr(TM).
The following result for ascreen QGCR-lightlike submanifolds is well-
known (see Lemma 3.6 and Theorem 3.7 of [18]).
Theorem 4.2. Let (M, g, S(TM), S(TM⊥)) be an ascreen QGCR-lightlike
submanifold of an indefinite nearly µ-Sasakian manifoldM , then ξ ∈ Γ(D2⊕
L). Further, if M is a 3-lightlike QGCR submanifold, then M is ascreen
lightlike submanifold if and only if φL = φD2.
From (4.1) and (3.1), we can write the generalized structure vector field
of an ascreen QGCR-lightlike submanifold as
ξ =
r∑
i=2p+1
aiEi +
r∑
i=2p+1
biNi, (4.2)
where ai = g(Ni, ξ) and bi = g(Ei, ξ).
Now, using (4.1) and Theorem 4.2 above, we deduce the following for an
r-lightlike ascreen QGCR-submanifold (M, g).
Proposition 4.3. LetM be a proper r-lightlike ascreen QGCR submanifold,
where r ≥ 3, of an indefinite almost contact manifold M . Then, there exist
at least one pair {Eu, Nu} ⊂ L ⊕ D2 and a corresponding non-vanishing
real valued smooth function σu, where u ∈ {2p + 1, · · · , r}, such that
φNu = σuφEu and dim(φL⊕ φD2) ≥ 1. Equality occurs when r = 3.
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Proof. The proof follows from Theorem 4.2 above. 
As an example, we construct a 4-lightlike ascreen QGCR submanifold.
Let us consider the case µ = 0 andH = 0. That is,M = (R2m+1q , φ0, ξ, η, g)
is an indefinite cosymplectic manifold with the usual cosympletic structure;
η = dz, ξ = ∂z,
g = η ⊗ η −
q
2∑
i=1
(dxi ⊗ dxi + dyi ⊗ dyi) +
m∑
i=q+1
(dxi ⊗ dxi + dyi ⊗ dyi),
φ0(
m∑
i=1
(Xi∂x
i + Yi∂y
i) + Z∂z) =
m∑
i=1
(Yi∂x
i −Xi∂yi),
where (xi, yi, z) are Cartesian coordinates and ∂tk = ∂∂tk , for t ∈ R2m+1.
Example 4.4. Let M = (R156 , g) be a semi-Euclidean space, where g is of
signature (−,−,−,+,+,+,+,−,−,−,+,+,+,+,+) with respect to the
canonical basis
(∂x1, ∂x2, ∂x3, ∂x4, ∂x5, ∂x6, ∂x7, ∂y1, ∂y2, ∂y3, ∂y4, ∂y5, ∂y6, ∂y7, ∂z).
Let (M, g) be a submanifold of M given by
y1 = −x4, y2 = x5, y3 =
√
z2 − (x3)2, y4 = x1, y6 = x6, x3, y3 > 0.
By direct calculations, one can easily check that the vector fields
E1 = ∂x4 + ∂y1, E2 = ∂x1 − ∂y4, E3 = ∂x5 + ∂y2,
E4 = x
3∂x3 + y
3∂y3 + z∂z, X1 = ∂x6 + ∂y6, X2 = ∂x2 − ∂y5,
X3 = y
3∂x3 − x3∂y3, X4 = −∂x2 − ∂y5, X5 = ∂y7, X6 = ∂x7,
form a local frame of TM . With reference to the above frame, we see
that RadTM is spanned by {E1, E2, E3, E4}, and therefore M is a 4-
lightlike submanifold. Further more, φ0E1 = E2, therefore we set D1 =
span{E1, E2}. Notice that φ0E3 = X2 and φ0E4 = X3 thus, D2 =
span{E3, E4}. Also, φ0X5 = X6, so we set D0 = span{X5, X6}. Fur-
ther, by following direct calculations, we have
N1 =
1
2
(∂x4 − ∂y1), N2 = 1
2
(−∂x1 − ∂y4), N3 = 1
2
(∂x5 − ∂y2)
N4 =
1
2z2
(−x3∂x3 − y3∂y3 + z∂z), W = ∂x6 − ∂y6.
Note that ltr(TM) = span{N1, N2, N3, N4} and S = span{W}. It is easy
to see that φ0N2 = −N1 and φ0N3 = X4. Notice φ0N4 = − 12z2X3 =
− 1
2z2
φE4 and, hence, σ4 = − 12z2 (see Proposition 4.3). Therefore, L =
span{N3, N4}. Also, φW = −X1 and hence S = span{W}. Observe
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that φL ⊕ φD2 = span{X2, X3, X4} and therefore dim(φL ⊕ φD2) = 3.
Applying φ0 to (4.2) and substituting the corresponding φ0Eis and φ0Nis
for i = 3, 4 we obtain a3 + b3 = 0, a3− b3 = 0 and 2z2a4 = b4. Finally, we
get ξ = 1
2z
E4 + zN4. Since φ0ξ = 0 and g(ξ, ξ) = 1, we see that (M, g) is
a 4-lightlike ascreen QGCR submanifold of M satisfying the hypothesis of
Proposition 4.3.
Next, we adapt the definition of minimal lightlike submanifolds given by
[9].
Definition 4.5. A lightlike submanifold (M, g, S(TM)) of a semi-Riemannian
(M, g) is called minimal if;
(1) hs = 0 on RadTM and,
(2) trace(h) = 0, where trace is writen with respect to g restricted to
S(TM).
It is well-known that the Definition 4.5 is independent of the choice of
the screen distribution S(TM) [9].
Now, we construct a minimal ascreen QGCR-lightlike submanifold, which
is note totally geodesic, of a nearly µ-Sasakian manifold with µ = 0 and
H = 0 (i.e., the ambient space is a cosymplectic manifold).
Example 4.6. Let M = (R134 , g) be a semi-Euclidean space, where g is of
signature (−,−,+,+,+,+,−,−,+,+,+,+,+)with respect to the canon-
ical basis
(∂x1, ∂x2, ∂x3, ∂x4, ∂x5, ∂x6, ∂y1, ∂y2, ∂y3, ∂y4, ∂y5, ∂y6, ∂z).
Let (M, g) be a submanifold of M given by
x1 = ω1, x2 = ω2, x3 = ω3, x4 = ω4, x5 = cosω5 coshω6,
x6 = sinω5 coshω6, y1 = −ω4, y2 =
√
2ω8 − ω2, y3 = ω7,
y4 = ω1, y5 = cosω5 sinhω6, y6 = sinω5 sinhω6, z = ω8.
By direct calculations, we can easily check that the vector fields
E1 = ∂x4 + ∂y1, E2 = ∂x1 − ∂y4,
E3 = ∂x2 + ∂y2 +
√
2∂z, X1 = −x6∂x5 + x5∂x6 − y6∂y5 + y5∂y6
X2 = −∂x2 + ∂y2, X3 = y5∂x5 + y6∂x6 + x5∂y5 + x6∂y6,
X4 = ∂y3, X5 = ∂x3,
form a local frame of TM . From the above frame, we can see that RadTM
is spanned by {E1, E2, E3}, and therefore, M is a 3-lightlike submanifold.
Further, φ0E1 = E2, therefore we set D1 = span{E1, E2}. Also φ0E3 =
−X2 and thus D2 = span{E3}. It is easy to see that φ0X4 = X5, so we set
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D0 = span{X4, X5}. On the other hand, following direct calculations, we
have
N1 =
1
2
(∂x4 − ∂y1), N2 = 1
2
(−∂x1 − ∂y4),
N3 =
1
4
(−∂x2 − ∂y2 +
√
2∂z), W1 = −y6∂x5 + y5∂x6 + x6∂y5 − x5∂y6,
W2 = x
5∂x5 + x
6∂x6 − y5∂y5 − y6∂y6,
from which ltr(TM) = span{N1, N2, N3} and S(TM⊥) = span{W1,W2}.
Clearly, φ0N2 = −N1. Further, φ0N3 = 14X2 and thus L = span{N3}. No-
tice that φ0N3 = −14φ0E3, which implies that σ3 = −14 and therefore,
φ0L = φ0D2. Also, φ0W1 = −X1 and φ0W2 = −X3. Therefore S =
span{W1,W2}. Now, we calculate ξ as follows: Using (4.2) we have ξ =
a3E3+b3N3. Applying φ0 to this equation we obtain a3φ0E3+b3φ0N3 = 0.
Now, substituting for φ0E3 and φ0N3 in this equation we get 4a3 = b3, from
which we get ξ = 1
2
√
2
E3 +
√
2N3. Since φ0ξ = 0 and g(ξ, ξ) = 1, we see
that (M, g) is a proper ascreen QGCR-lightlike submanifold of M . Finally,
we verify the minimality of (M, g). By simple calculations one can verify
easily that the following vectors;
X̂1 =
1√
̺
X1, X̂2 =
1√
2
X2, X̂3 =
1√
̺
X3, X̂4 = X4, X̂5 = X5,
Ŵ1 =
1√
̺
W1, Ŵ2 =
1√
̺
W2, where ̺ := cosh 2ω6,
are unit vector fields. Moreover, ǫ2 = g(X̂2, X̂2) = −1, ǫi = g(X̂i, X̂i) =
1, for i = 1, 3, 4, 5 and ǫα = g(Ŵα, Ŵα) = 1, for α = 1, 2. Now, applying
(2.9) and Koszul’s formula (see [5]) one gets h(E1, E1) = h(E2, E2) =
h(E3, E3) = h(X̂2, X̂2) = 0, h(X̂4, X̂4) = h(X̂5, X̂5) = 0, h
l(X̂1, X̂1) =
hl(X̂3, X̂3) = 0, h
s(X̂1, X̂1) = − 1̺√̺Ŵ2 and hs(X̂3, X̂3) = 1̺√̺Ŵ2. Hence,
M is not a totally geodesic ascreen QGCR-lightlike submanifold. Also, we
have trace(h)|S(TM) = ǫ1hs(X̂1, X̂1) + ǫ2hs(X̂3, X̂3) = 0. Therefore, M is
a minimal proper ascreen QGCR-lightlike submanifold of M .
Definition 4.7 ([8]). A lightlike submanifold M of a semi-Riemannian
manifold (M, g) is called irrotational if ∇XE ∈ Γ(TM), for any E ∈
Γ(RadTM)) and X ∈ Γ(TM). Equivalently, M is irrotational if
hl(X,E) = hs(X,E) = 0, ∀ X ∈ Γ(TM), E ∈ Γ(RadTM). (4.3)
Theorem 4.8. Let (M, g) be an irrotational ascreen QGCR-lightlike sub-
manifold of an indefinite nearly µ-Sasakian manifold (M, g). If ∇ is a
metric connection, then M is minimal if trace(AWα)|S(TM) = 0.
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Proof. First, we notice that when M is irrotational then (4.3) implies that
hs = 0 on RadTM . Thus, condition (i) of Definition 4.5 is satisfied. Now
using Definition 3.1 we can see that the screen distribution S(TM) is gen-
erally spanned by
{X1, · · · , X2l, φE2p+1, · · · , φEr, φN2p+1, · · · , φNr, φWr+1, · · · , φWk}.
(4.4)
Since M is ascreen QGCR-lightlike submanifold, the dimension of the
frame in (4.4) is lower than that of a comparable GCR-lightlike subaman-
ifold due to existence of some u ∈ {2p + 1, · · · , r} and non-vanishing
smooth function(s) σu such that φNu = σuφEu (see Proposition 4.3 above).
Furthermore, the vectors φEu and φNu are non-null, since g(φEu, φEu) =
−aubu 6= 0 and g(φNu, φNu) = −aubu 6= 0. Thus, by setting Zu = φNu =
σuφEu we have
trace(h)|S(TM) =
2l∑
t=1
ǫth(Xt, Xt) +
κ∑
j=2p+1
h(φEj , φEj)
κ∑
j=2p+1
h(φNj, φNj) +
r∑
u=κ+1
ǫuh(Zu, Zu) +
k∑
d=r+1
ǫdh(φWd, φWd). (4.5)
Applying (2.14) to (4.5) and replacing Z with Ei in (2.15) we derive
(∇Xg)(Y,Ei) =
r∑
i=1
hli(X, Y )λi(Ei) = g(h
l(X, Y ), Ei), (4.6)
for any X, Y ∈ Γ(S(TM)). Then using (4.6) and the assumption ∇ is a
metric connection we get
trace(h)|S(TM) =
2l∑
t=1
ǫt
n
n∑
α=r+1
ǫαg(h
s(Xt, Xt),Wα)Wα
+
κ∑
j=2p+1
1
n
n∑
α=r+1
ǫαg(h
s(φEj , φEj),Wα)Wα
+
κ∑
j=2p+1
1
n
n∑
α=r+1
ǫαg(h
s(φNj , φNj),Wα)Wα
+
k∑
d=r+1
ǫd
n
n∑
α=r+1
ǫαg(h
s(φWd, φWd),Wα)Wα
+
r∑
u=κ+1
ǫu
n
n∑
α=r+1
ǫαg(h
s(Zu, Zu),Wα)Wα. (4.7)
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Then using (2.14) we derive
g(hs(X, Y ),Wα) = ǫαh
s
α(X, Y ) = g(AWαX, Y ), (4.8)
for any X, Y ∈ Γ(S(TM)). Finally, replacing (4.8) in (4.7) we get
trace(h)|S(TM) =
2l∑
t=1
ǫt
n
n∑
α=r+1
ǫαg(AWαXt, Xt)Wα
+
κ∑
j=2p+1
1
n
n∑
α=r+1
ǫαg(AWαφEj, φEj)Wα
+
κ∑
j=2p+1
1
n
n∑
α=r+1
ǫαg(AWαφNj, φNj)Wα
+
k∑
d=r+1
ǫd
n
n∑
α=r+1
ǫαg(AWαφWd, φWd)Wα
+
r∑
u=κ+1
ǫu
n
n∑
α=r+1
ǫαg(AWαZu, Zu)Wα, (4.9)
from which our assertion follows. Hence the proof. 
Example 4.9. Let (M, g) be a submanifold of R2m+14 given in Example 4.6.
We have shown that hl(X, Y ) = 0 for any X, Y ∈ Γ(TM). Hence, from
(2.15) we can see that the induced connection ∇ is a metric connection.
Further, we have also seen that h(X, Y ) = 0 for all X, Y ∈ Γ(RadTM)
and thus, hs(X, Y ) = 0 on RadTM and also hs(X,E) = 0 for all X ∈
Γ(TM). Therefore, M is an irrotational minimal ascreen QGCR-lightlike
submanifold of R2m+14 with trace(AWα)|S(TM) = 0 and thus satisfying the
above theorem.
Corollary 4.10. Let (M, g) be a totally umbilical irrotational ascreen QGCR-
lightlike submanifold of an indefinite nearly µ-Sasakian manifold (M, g). If
∇ is a metric connection, then M is minimal if the mean curvature vectors
Hs = 0.
5. CO-SCREEN QGCR-LIGHTLIKE SUBMANIFOLDS
In this section, we study a special class of QGCR-lightlike submanifolds
of indefinite nearly µ-Sasakian manifolds, called co-screen QGCR-lightlike
submanifold.
Definition 5.1. Let (M, g) be a QGCR-lightlike submanifold of an indefinte
almost contact manifold (M, g). We say that M is a co-screen QGCR-
lightlike submanifold of M if ξ ∈ Γ(S(TM⊥)).
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From Definition 3.1 of QGCR-lightlike submanifold we notice that if
M is a co-screen QGCR-lightlike submanifold then the direct sum in (3.4)
reduces to the orthogonal sum φD = S ⊥ L. Note that this condition is
also satisfied by GCR-lightlike submanifols though ξ ∈ Γ(S(TM)).
In the case of co-screen QGCR, the tangent bundle of M is decomposed
as follows;
TM = D ⊕D, with D = RadTM ⊥ D0 ⊥ φD2. (5.1)
The transversal bundle can also be decomposed as
tr(TM) = φD ⊥ G ⊥ Rξ, (5.2)
where G is an φ-invariant distribution, i.e., φG = G, and Rξ is line bundle
spanned by ξ.
Next, we construct an example of a co-screen QGCR-lightlike submani-
fold of a special nearly µ-Sasakian manifold M in which H = 0 and µ = 1.
More precisely, we take M to be a Sasakian manifold with the usual contact
structure given in [8].
Example 5.2. Let M = (R134 , g) be a semi-Euclidean space, where g is of
signature (−,−,+,+,+,+,−,−,+,+,+,+,+)with respect to the canon-
ical basis
(∂x1, ∂x2, ∂x3, ∂x4, ∂x5, ∂x6, ∂y1, ∂y2, ∂y3, ∂y4, ∂y5, ∂y6, ∂z).
Let (M, g) be a submanifold of M given by
x1 = y4, y1 = −x4, x2 = y3, y5 = (x5) 12 , and z = constant.
By direct calculations, we can easily check that the vector fields
E1 = ∂x4 + ∂y1 + y
4∂z, E2 = ∂x1 − ∂y4 + y1∂z,
E3 = ∂x2 + ∂y3 + y
2∂z, X1 = 2y
5∂x5 + ∂y5 + 2(y
5)2∂z,
X2 = ∂x3 − ∂y2 + y3∂z, X3 = 2(∂x3 + ∂y2 + y3∂z),
X4 = 2∂y6 and X5 = 2(∂x6 + y6∂z),
form a local frame of TM . From this, we can see that RadTM is spanned
by {E1, E2, E3}, and therefore, M is 3-lightlike. Further, φ0E1 = E2,
therefore we set D1 = span{E1, E2}. Also φ0E3 = X2 and thus D2 =
span{E3}. It is easy to see that φ0X4 = X5, so we setD0 = span{X4, X5}.
On the other hand, following direct calculations, we have
N1 = 2(∂x4 − ∂y1 + y4∂z), N2 = 2(−∂x1 − ∂y4 + y1∂z),
N3 = 2(−∂x2 + ∂y3 + y2∂z), W1 = ∂x5 − 2y5∂y5 + y5∂z,
and W2 = 2∂z,
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from which ltr(TM) = span{N1, N2, N3} and S(TM⊥) = span{W1,W2}.
Clearly, φ0N2 = −N1. Further, φ0N3 = X3 and thusL = Span{N3}. Also,
φ0W1 = −X1 and therefore S = span{W1}. Notice that, φ0W2 = 0 and
g(W2,W2) = 1 hence ξ = W2. Clearly, M is a co-screen QGCR-lightlike
submanifold of M satisfying the hypothesis of Definition 5.1.
Let (M, g) be a co-screen QGCR-lightlike submanifold of an indefinite
nearly µ-Sasakian manifold, (M, g), and let S and R be the projections of
TM on to D and D respectively, while F and Q are projections of tr(TM)
on to φD and G respectively. Then,
X = SX +RX and V = FV +QV + η(V )ξ, (5.3)
for any X ∈ Γ(TM) and V ∈ Γ(tr(TM)).
Applying φ to the two equations of (5.3), we respectively derive
φX = φ1X + ϕ1X and φV = φ2V + ϕ2V, (5.4)
where {φ1X, φ2V } and {ϕ1X,ϕ2V } respectively belongs to TM and tr(TM).
Using the nearly µ-Sasakian condition (2.3) and equations (5.4) and (2.9)-
(2.11), we derive
− Aϕ1XY − Aϕ1YX +∇Xφ1Y +∇Y φ1X
+∇tXϕ1Y +∇tYϕ1X + h(X, φ1Y ) + h(Y, φ1X)
− φ1∇XY − φ1∇XY − ϕ1∇XY − ϕ1∇XY (5.5)
− 2φ2h(X, Y )− 2ϕ2h(X, Y )− 2µg(X, Y )ξ = 0,
for all X, Y ∈ Γ(TM). Then, comparing the tangential and transversal
components in (5.5), we get;
∇Xφ1Y +∇Y φ1X − Aϕ1XY − Aϕ1YX
− φ1∇XY − φ1∇XY − 2φ2h(X, Y ) = 0, (5.6)
and
∇tXϕ1Y +∇tYϕ1X + h(X, φ1Y ) + h(Y, φ1X)
−ϕ1∇XY − ϕ1∇XY − 2ϕ2h(X, Y )− 2µg(X, Y )ξ = 0, (5.7)
respectively.
Theorem 5.3. Let (M, g) be a co-screen QGCR-lightlike submanifold of an
indefinite nearly µ-Sasakian manifold M . Then,
(1) D is integrable if and only if
h(X, φ1Y ) + h(Y, φ1X) = 2ϕ1∇YX + 2ϕ2h(X, Y ) + 2µg(X, Y )ξ,
for all X, Y ∈ Γ(D).
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(2) D is integrable if and only if
Aϕ1XY + Aϕ1YX = −2φ1∇YX − 2φ2h(X, Y ),
for all X, Y ∈ Γ(D).
Proof. Using (5.6) and (5.7), we derive
h(X, φ1Y ) + h(Y, φ1X) = ϕ1[X, Y ] + 2ϕ1∇YX + 2ϕ2h(X, Y )
+ 2µg(X, Y )ξ, (5.8)
for all X, Y ∈ Γ(D) and
Aϕ1XY + Aϕ1YX = −φ1[X, Y ]− 2φ1∇YX − 2φ2h(X, Y ), (5.9)
for all X, Y ∈ Γ(D). Then, the assertions follows from (5.8) and (5.9),
which completes the proof.

Next, we define nearly parallel distributions of submanifolds in semi-
Riemannian manifolds.
Definition 5.4. Let (M, g) be a submanifold of a semi-Riemannian manifold
(M, g) and let ∇ be the connection induced in its tangent bundle. Then a
distribution D on M will be called nearly parallel if
∇XY +∇YX ∈ Γ(D), ∀X ∈ Γ(TM) and Y ∈ Γ(D).
Lemma 5.5. Let (M, g) be a co-screen QGCR-lightlike submanifold of an
indefinite nearly Sasakian manifold M . Then
η(∇XY ) + η(∇YX) = 0,
for all X, Y ∈ Γ(TM).
Proof. The proof follows by straightforward calculations. 
Now, using Definition 5.4 and Lemma 5.5, we have the following;
Theorem 5.6. Let (M, g) be a co-screen QGCR-lightlike submanifold of
an indefinite nearly µ-Sasakian manifold M . If D is nearly parallel, then
h(X, φY ) + h(Y, φ1X) + ∇tY ϕ1X has no component in (L ⊥ S) for all
Y ∈ Γ(D) and X ∈ Γ(TM).
Proof. Using (2.3), (5.4) and Lemma 5.5, we derive
− φ1Aϕ1XY − ϕ1Aϕ1XY + φ1∇XφY + ϕ1∇XφY
+ φ1∇Y φ1X + ϕ1∇Y φ1X +∇YX +∇XY + φ2∇tYϕ1X
+ ϕ2∇tY ϕ1X + 2h(X, Y ) + φ2h(X, φY ) + ϕ2h(X, φY )
+ φ2h(φ1X, Y ) + ϕ2h(φ1X, Y ) = 0, (5.10)
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for all Y ∈ Γ(D) andX ∈ Γ(TM). Then, taking the tangential components
of (5.10), we get
− φ1Aϕ1XY + φ1∇XφY + φ1∇Y φ1X + φ2∇tYϕ1X
+∇YX +∇XY + φ2h(X, φY ) + φ2h(φ1X, Y ) = 0, (5.11)
for all Y ∈ Γ(D) and X ∈ Γ(TM). The result follows from (5.11), using
the fact that D is nearly parallel. 
Theorem 5.7. Let (M, g) be a co-screen QGCR-lightlike submanifold of
an indefinite nearly µ-Sasakian manifold M . If D is nearly parallel, then
−Aϕ1XY − AφYX + ∇Y φ1X has no component in D for all Y ∈ Γ(D)
and X ∈ Γ(TM).
Proof. The proof is similar to that in Theorem 5.6 and therefore we leave it
out. 
Using the idea of [19], we define nearly auto-parallel distributons on sub-
manifolds of semi-Riemannian manifolds.
Definition 5.8. Let (M, g) be a submanifold of a semi-Riemannian manifold
(M, g) and let ∇ be the connection induced in its tangent bundle. Then a
distribution D on M will be called nearly auto-parallel if
∇XY +∇YX ∈ Γ(D), ∀X, Y ∈ Γ(D).
Theorem 5.9. Let (M, g) be a co-screen QGCR-lightlike submanifold of an
indefinite nearly µ-Sasakian manifold M . If D is nearly auto-parallel, then
h(X, φY )+h(Y, φ1X) has no component in (L ⊥ S) for all X, Y ∈ Γ(D).
Proof. Using (2.3), equations (5.4) and Lemma 5.5, we derive
φ1∇XφY + ϕ1∇XφY + φ1∇Y φX + ϕ1∇Y φX
+φ2h(X, φY ) + ϕ2h(X, φY ) + φ2h(Y, φX) + ϕ2h(Y, φX)
+∇XY +∇YX + 2h(X, Y ) = 0, ∀X, Y ∈ Γ(D). (5.12)
Considering the tangential components of (5.12) we get
φ1∇XφY + φ1∇Y φX + φ2h(X, φY ) + φ2h(Y, φX)
+∇XY +∇YX = 0, ∀X, Y ∈ Γ(D). (5.13)
Since D is nearly auto-parallel, (5.13) leads to
φ2h(X, φY ) + φ2h(Y, φX) = 0,
from which our assertion follows. Hence, the proof is complete. 
In the similar way, we have the following.
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Theorem 5.10. Let (M, g) be a co-screen QGCR-lightlike submanifold of
an indefinite nearly µ-Sasakian manifold M . If D is nearly auto-parallel,
then Aϕ1XY + AφYX has no component in D for all X, Y ∈ Γ(D).
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